
Math 451: Introduction to General Topology
Lecture 25

Sequential compactness and products.

Theorm
.

A ctbl product of sequentially compact spaces is sequentially compact .

Proof (Arzela-Ascoli) . We give an argument for a products
,
which also proves it for finite products along

the way . Let X= Xi
,
where Xi is sepecially compact . Let Ifn) =X and we need to

iESN
i
.
e
.
a subsequence which converges pointwisefind a convergent subsequence in the product top,

at
every iCIN .

Since Xo is segromp . A subsequence (foulde st . (nou(p) near converses
in Xo to some value f(o) eXo

.

Since X , is sequentially roup , 7 further subsequence
Fund bear of (nomine it . linfrules existe and equal to come (1) EX1 · Continuing
in this fashion ly inductions

*

We obtain for each itIN a sepece (fuin)mew sato

it is a subsequence of (final ce and him fair(i) exists and is equal to some
k->

file Xi
.

i = 0:
roo tuo

,
fro flos ....

- f(d) at O

i = 1 : two this fun fas ... - fli) at I The Arzala-Ascoli

i = 2 :fup the
,
fro froze .

-> f(z) at 2 diagonalization& argumenti = 3 : Eugo fass from fass ... - f(3) at 3

i -
&

: T

Then the diagonal sequence (furple is a subsequence of each Ifrinhe after
throwing out the first : member

,
which doesn't affect the limit (since limit is

a tail property). Therefore for each iEIN
,

(from illnes converges
in X: to fli).

Thus (frombe converges
in the product top to feX.

Remark . Using this one can characterize compact subsets of 2(X) where X is a separable



metric space. This characterization is known as the Arzela-Ascoli Krem
.

The

statement and its proof will be outlined as practice for the final exam.

Baire category notions and theorems
.

let X be a top space.

Net
.

A set BEX is saiddo be dense in an open set UEX If BAU is a dence subset
of U Sin the relative hop) , i. e . B has arepresentative in each conempty open V=U .

Obs
.

For BEX and open UIX, B is dense in U= Bed .

Det
. Call a set B : X nowhere dense (n

.

d
.

3 ifB is not dense in any wonempty open set,
i
.
e
.
each nonempty open USX admits a Fother wonempty open VIR disjoint from B.

Obs . For BEX
,
TFAE :

(1) B is Rode

(2) Es in und

(3) int (B) = 0 .

(4) B' contains a dense open set.

Proof
.
(1)(3) (2) is by the observation above , while (3)(4) are just by taking complements.

Upgrade for n . d . It B = X .

(a) If B is nowhere dease then it is contained in a closed u . d. set lamely , 5) .
(a)) If B is co-n . d

.

Li
. e . B is a complement of a u

.

d
.

sett
,
then B contains on open

dense set which is here also co-u . d .).
Proof

.
This is just a rephrasing Me above equivalences (1) (2) and (2) =(4).



Examples. (2) In IR or any
other perfect metric space (i . e . we isolated points) , singletous are nowhere

dense beame thes are closed and have empty interior bease they are not isolated.

(6) IEIR is n
.

d . beae its closed and has empty interior.

() St : neINt] IR is nowhere dease bes its descre is 304vIh : ne") has

empty interior.

(d) The Cantor set C=C0
,
1) is n

.

d
. bene it's closed and has empty interior.

() let b>1 and CCINVYN3 · Then Gae* is n.d . bease its closed and has empty
interior . In particular, IN is n . d . in 3 and KI is n.de in INI.

Prop . N. d
.
als form an ideal

,
i. e

. They are closed downward under subsets and

finite unions .

Proof. For finite unious it suffices he chowr for two
, by induction . Let B

,Be be nod

let U= X be vocempty open . Then E O open VEU s
.
t
.

B
, /V = 0

.

Furthermore
,
7 D

openWEV c .t . Bz1W = D
,
so (B , UBc)1W =0 .

In analysis and topology ,

we take limits
,
so being closed under finite unions is not a

good enough nation of smallness for us
.
We'd like being closed under all unions.

Example . #ER is dense 10 it's not mod
. but & = V3903 chee Q = SabaeIN

and each singleton is n
.

d
.,
so is atel unioof n.d . Lets but it isn't nod.

Bet
.

Call a set magie it it is a chal union of nod
.

cle.

Obs . Mengre who form a rideal
,
i
.
e . we closed under subsets and chil unions.



Examples . (a) Q is meagre in I
,
as down above.

(b) B := KIN is meagre in the Baire space
IN

k =2

Call a set BEX comeagre
if its complement is negre.

Upgrade for meagre.
(a) Every meage not is contained in a

meagre #o set (atblunion of closed).
(9) Every comeage ot contains a ctbl intersection of dense open sets lin part. Go).
Proof

.
This just follows from the upgrad for u

.
d.

Def
. A top, space

X is called Baire if every monempty set is nonmeage.

Cartien
.

A Baire space is different from the Baire space ININ
, although the Baire space

is a Baire by the Baire categors tha below.

Prop . For a top space
X
,
TFAE :

(1) X is Baile
,

i

r e . no monempty open of is meage.

(2) Comenge sets in X are clease.

(3) Ctb) intersections of dense open sets are dease.

Proof
.
(1) => (2)

.

If D = X is onecye than D2 is meagre , hence doesn't contain any non-

empts open at , soD intersects every moneupts open set, Russ is case.

(2) => (3) . (thl intersections of open dense rets are coneage beaut their complement is
a stel union of closed she will empty interior.

(3) = (2)
.
This the upgrade property las for meagre refs.

(2)= (1) . We dow negh) = neyk) .

If a open UEX is meagre tow l is

comeage
and not dense become it doesn't intersect U.



Baire Category The . Complete metric spaces are Baile
.

Also (locally) compact Hauschoff spaces
are Baire ,

Proof
.

We prove for a complete metric space X
,
as te proof for compact Hauschoff

spaces is similar .

We were he show let ctbl intersections of dease open
its are dease

.

Let UnEX

be dense open . Todow let &Un is cense in X
,
bya open Vo X and

Ei

show 112 /Vo #0 . Recall that metric spaces are normal. We play a two-player game,
GG(N

where the players alternate playing monempty open rels , each contained in the previous
one played. Player I wins if the intersection of all the played open als is monempty ;
and Player 1 wine otherwise . Player 1 starts with HolVo ,

which is monempty best do
is dense

.

Then Player I uses the normality of X Go play a monempty open V, so that

: RolVe and diam st . Then Player & plays H , &VI
,

which is wonempty beae U . is

dense
.

Then Player I playsa Open Va st. ElieV and diamVa<E .

And so on ...

Player 1 : Vol Von
v,

4 , 1V,

4)y=
421V

Player 2 : Yv ...

Thus we obtain a decreasing requence of monempty openwh MolVoV UV Vez ... st.

Enes = UnlVn and diamUnEn FueINY
.

Thus
,
1UuV = 1 = 1Vn

.
But by the completeness of X,

nz n21nz)

1In *
, 201 (RueVn , in particular Vol MUn ,

as desired
n7) ny)

Applications. One can show let in CKO
, 1) , the noubre differentiable functions

form a comeager
at
,
here I a where differentiable function . We will show at

nowhere moveme functions also form a comeager at To see this
,
for
any

two

rationals Peas8:1
,
let Base be the set of te((l0

,
1) c

. f - f is nono-
tone

on 10
,
63. One verifies this at is closed in the uniform metric and has I

interior base we can create a small zigzny between a und b on the ragh of
the function

. Thus
, Bootabl Base is meagre , but everysomewhere monotone function is

monotone in [a
,
8)

,
so B is the ret of all somewhere momptone function

,
so the nowhere mono-

tone functions form a comeage
Chance wonempty) set


